 (
Fraction Equivalence
) (
Overview of Fractions
) (
Diagnostic Test
) (
Partitioning 
the whole / unit into equal parts
) (
Ordering fractions
) (
Adding and Subtracting fractions
) (
Multiplying and dividing fractions
)Multiplying and Dividing Fractions
Part 1: Multiplying fractions























T&L on multiplication of fractions
Prior knowledge
Ordering of fractions, equivalent fractions, addition and subtraction of fractions – using fraction strips and fractions circles and symbols
Multiplication of whole numbers as “groups of “
Learning Outcomes
· Students will be able to multiply a whole number by a fraction and make sense of it
· Students will be able to multiply a fraction by a whole number and make sense of it
· Students will be able to multiply a fraction by a fraction and make sense of it
· Students will be able to multiply fractions >1 by each other and make sense of it
· Students  will be able to use the algorithm of multiplying numerators and denominators together and also be able to model what is happening.
· Students see that multiplication does not always make things bigger!
Models
· Idea of “groups of “for multiplying whole numbers by fractions and the number line
· An area model for multiplication and number line possibly as well
· Contexts also support students when understanding is fragile
Note


If no explanation is given for the multiplication algorithm for fractions and if a sense of fraction size has not been developed students who just learn that will see no reason why 


The symbolic representation of the rule is useful for algebra later on  (exposing students to ideas of generality in preparation for algebra)


N.B. Whereas may be thought of as repeated addition is not repeated addition. Multiplication cannot be solely seen as repeated addition.  
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	Lesson Interaction

	Student Learning Tasks:
Teacher Input
	Student Activities: Possible 
and Expected Responses
	Teacher’s Support and 
Actions
	Checking Understanding

	Make the connection between a x b and “a groups of b”

	Multiplying a whole number and a fraction – explained as repeated addition

	Liz wants to give each of her 3 friends 4 bars.  
How would you work out how many bars she needs?  
Can you draw a picture to model this situation?
What does the notation 3 x 4 mean?

Enclose each group with a curve or “cloud”.
	3 x 4 bars

She needs 3 groups of 4




It means 4 + 4 + 4
	Start with whole number multiplication.
They should see a x b as “a groups of b”
Emphasise to students that multiplication is repeated addition.
Students may draw 
x  
If they do ask them to think in terms of putting the bars into a bag for each friend. 
	

	Barry is having 4 of his friends over to his house for pizza. He is going to give them 2/3 of a pizza each.
How is this like the last problem?
 
Model the situation using fraction circles.  
How many pizzas will he need for them?

Write it as a multiplication sentence.









	


4 groups of 2/3 each


[image: ][image: ][image: ][image: ]4X2/3 =2/3+2/3+2/3+2/3+2/3 = 8/3
=

[image: ]= 



	Students can draw pictures of fraction circles and shade in 2/3 of each.  
Students are using 
· words, 
· pictures, 
· multiplication sentences and 
· real world situations


Emphasise that the amount in each group stays the same.






They then see why 4x2/3 = 8/3 and not 8/12 which is a common misconception.
	

	Why is this not 8/12?

	8/12 = 2/3 which would not make sense as we want 4 x 2/3.
Because we are adding up thirds – the size of the parts doesn’t change – just the number of them changes
	
	

	Try this question.
Sharon does ¾ hr of homework every night for 5 nights.  How much does she do altogether?
Use words,  picture and multiplication sentence
	Words: 5 groups of ¾
Picture: 


Multiplication sentence:
5 x 3/4= 15/4
	Students can use fraction strips or fraction circles.
Many students will be able to do this without the fraction strips but the fraction circles help to consolidate the concepts. 
	

	Can you explain what you did in the multiplication sentence?
	I multiplied the number of parts by 5, but the parts were still quarters. The numerator is multiplied by 5 and the denominator remains the same.
	Later on we will deal with the fraction multiplication algorithm.  For the moment we won’t write the whole number as a fraction over 1.
	

	 (
? 
too
 soon for the algorithm?
)For the denominator to remain the same what do we multiply it by?
	It is multiplied by 1
	
	

	Could you rewrite the problem
  5 x ¾ to show this?
	5/1 x ¾ 
	Students are probably familiar with this from primary school.
	Can students see the multiplication algorithm at this stage? Can they point it out to the teacher and not the other way around?

	Student Activity 1 Q1, 2 and 3
	
	Distribute Student Activity 1
	

	Multiplying a fraction by a whole number – can be reversed to whole number times  a fraction  as it is can’t be modelled as repeated addition

	Go to Student Activity 1 Q4
	
	
	

	Aoife works during her Summer holidays for 4 hours on Saturdays and earns €12 per hour. How much does she earn?
	4 hours at €12 per hour (4 groups of 12) =€48
	
	

	A number line could be used to model how much she earned. 
 Each division on the number line could represent the money earned in one hour. 
A jump from 0 to the first tick represents an hour of work and we write in 12 at this tick mark to show how much is earned after 1 hour. 
Mark in the amount earned after 2 hours. 
Mark in the amounts after 3,4 5, and 6 hours. 
Write multiplication sentences also.
Mark in time on the opposite side.
	Time worked in hours
 (
 2 hrs
) (
3 hrs
) (
1hr
)


	
	
	
	
	
	
	

	 (
0
)
	 (
12
)
	 (
24
)
	 (
36
)
	 (
48
)
	 (
60
)
	




                                Amount of money earned in euro

2 x 12 =24
3 x 12 =36
4 x 12 = 48
5 x 12 = 60
	Can students again see that multiplication can be demonstrated by repeated addition?
5 x 12 = 12+ 12 +12 +12 +12

Can students use both sides of the number line, one side representing money earned and the other side representing time?

	How much money will Aoife earn in 2 ½ hours? Use the number line and write a multiplication sentence.
	2 ½ x 12 = 24 +6 =30

	While students did not convert 2 ½ to an improper fraction they should be able to work this out without the conversion.
	

	Student Activity Q5
	
	
	

	How much money will Aoife earn in ¾ of an hour?
Will it be bigger or smaller than €12?
 (
0
) Model using the number line.

	

Write down the multiplication sentence and the answer.
Did multiplication make €12 bigger?

	It will be less than €12.  1 times 12 is 12 and as ¾ <1, ¾ x 12 will be < 12.

	
	
	

	 (
12
)
	 (
24
)
	




Amount of money earned in euro
¾ x 12 =9
No, multiplication by a number < 1 made €12 smaller.
	Most students will model this by drawing the number line and dividing the interval from 0 to 12 into quarters. They will see that each quarter of an hour Aoife earns €12/4 and for ¾ she earns 3 x 12/4

Students should think of ¾ as three one quarters. Find the ¼ first and then get 3 times that.
	Do students realise that multiplication does not always make something bigger?

	Explain how you got ¾ x 12
	You found how much she earned in ¼ of an hour i.e. you divided 12 by 4, giving €3 and then for ¾ of an hour it was 3 times this which gives €9.
Multiplying by ¾ is dividing by 4 and multiplying by 3.
	
	Can students multiply a whole number by a fraction, by first finding the unit fractional part and then multiply by the number of parts needed.

	Would it matter which you did first – try both?
	¾ x12= 9
12 x3 /4 = 9 also.
	When translated to English, one is ¾ of a group of 12 whereas the other is 12 groups of ¾.   The repeated addition model is not suitable for the former. The number line is a suitable model.
	

	When the order of multiplying 2 numbers does not matter what do law do we say multiplication obeys?
	The commutative law
	Students will be aware of this from operations on integers.
	

	 (
? 
too
 soon for the algorithm?
)Refer back to how you did the question on Sharon’s homework and you wrote 5 as an improper fraction 5/1. Would that method work here?
	¾ x 12/1 = 36/4
4/4 =1 So 36/4 =9 –same answer
	
	Can students see the multiplication algorithm again?

	Student Activity 1 Q6 and Q7
	
	
	

	Multiplying a fraction by a fraction
	
	
	

	Cara had 2/5 of her “rectangular” birthday cake left over from her party.  She ate ¾ of the left over cake.  How much of the full cake was this?
What are you being asked?

What did we do in the last example when Aoife earned ¾ of €12?
	




What is ¾ of 2/5 of a whole cake?  


We multiplied ¾ by 12.
	
	

	 (
? 
is
 this explanation of “of” necessary?
)When we see the word “of” between a fraction and a fraction and a fraction and a number what does it make sense to do?

	Multiply 
	
	

	Model the situation first.  Draw a rectangle to represent the whole cake. 
Divide it vertically into 5 equal parts and shade in the amount left over after the party.
	

	N.B. Fractions must be related to a referent whole i.e. the original rectangle/cake.
	

	Now shade in ¾ of this amount.
What sized parts do you need to divide it into to be able to shade 3 quarters?
How will you do this so that the whole cake will be included in the division? Remember we need to know what fraction of the whole cake Cara ate?



Shade in or outline the part eaten by Cara.

How many pieces are there in the shaded area and what fraction of the whole are they?
Write the answer as a multiplication sentence.
Using your knowledge of equivalent fractions can you simplify this fraction?
	It needs to be divided into quarters.

Divide the cake horizontally into quarters.
 (
There are 2x3 pieces shaded out of 
5 x4 pieces.
Hence 6 out of 20
)












 6 out of 20
¾ x 2/5 = 6/20


6/20 = 3/10 if we divide the numerator and denominator by 2.
	Students may be unsure how to make the division but there will probably be someone who comes up with it.  It is better not to tell the students how to do it but let them find it for themselves. 
Students can also be given a rectangular strip of paper and they can fold the paper vertically first in fifths and then horizontally in quarters. 




Some students see the algorithm straight away and others maybe not so soon. It is better to have students point it out to the teacher than the other way around.
	Are students able to model multiplication of a fraction by a fraction using an area model?









Can students see that multiplying tops and bottoms has a foundation in reality?
The product ¾ of 2/5 means that if we divided the 2/5 of the cake remaining into 4 equal parts then ¾ of 2/5 is the amount given by 3 of those equal parts.


	Does this make sense?  If I divided the shape up into tenths, how many tenths would I have?
How many twentieths make up each tenth?
How many tenths in the outlined area?
	10 tenths
2 twentieths

3 tenths
	
	

	Student Activity 1 Q8.
Try this out in working in pairs
	
	
	

	
Q8. Tony tiled of a bathroom wall.  Next day he grouted 7/8 of the tiled section.  What fraction of the bathroom wall had the tiles grouted?
Model this using an area model.

	Second day he removed 7/8 of 4/5







	
28/40 = 7/10
	Teacher circulates as students work on this problem in pairs.   
Ask how they calculate the area of a rectangle.
Ask how they calculate the area of the outlined rectangle as a fraction of the whole rectangle.


	Can students see that the product of the numerators is the number of pieces you are interested in and the product of the denominators is the total number of pieces the unit is divided into?

	Multiplying mixed numbers by mixed numbers
	
	
	

	Multiply 3 2/3 by 2 1/4
	
	
	

	What is the first step now?



How many quarters have you?

How many groups of 2 ¼  do you need?










The unit must be identified






How many thirds in 3 2/3?   













	 Draw 3 full units and shade 2 ¼  (divided into quarters).





9/4

3 2/3 groups of 2 1/4 are needed.
Draw 4 groups of this divided into thirds and shade 3 2/3.







                           





The outlined area has 11 rows of 9 columns = 99
The whole is 3 rows and 4 columns = 12 parts
The product  = 99/12=8 3/12 =8 1/4



	Students should be encouraged  to try this themselves without being shown.  Remind them of the “groups of “ approach to multiplication.  They need 3 2/3 groups of 2 ¼.
When doing 7/8 of 4/5 they divided a unit into fifths first.

Students may take the full shape to be the whole. They must identify the unit.
 This model might be difficult for some students and they may need more familiarity with multiplying  proper fractions first using the area model.

When students use the standard algorithm for multiplying mixed numbers, they convert to improper fractions.  With this model they can see where each of the numbers in the improper fractions is on the diagram.

	Do students see from the “sliced rectangle” approach that when multiplying mixed numbers, they are converted to improper fractions.





	
We  can think of 3 2/3 as 3 + 2/3 and 
2 ¼ as 2 + ¼
We are multiplying ( 3+ 2/3)by 
( 2+ ¼) 

Draw a diagram and shade the different sections –
· whole numbers  groups of whole numbers
· whole number groups of fractions
· fraction groups of fractions
 Find the total by adding up the partial sums.
	















3 groups of 2 = 6 (yellow)
3 groups of ¼ = ¾ (red)
2 groups of 2/3 =  4/3 (blue)
2/3 set of ¼ = 2/12 = 1/6

3 2/3 x 2 ¼ = 6 + ¾ + 4/3 + 1/6 =
6 +9/12+1 4/12 + 2/12 = 8 3/12 = 8 1/4 

	




This illustrates a procedure based on partial products, much like the basic principle that underlies most common algorithms for multiplying multi-digit whole numbers or algebraic expressions of the form 
(x + 3 ) (x + 6)  

	

	


Multiplicative Inverse or Reciprocal
	
	
	

	What do we multiply 2/3 by to make it 1?
3/2 is called the multiplicative inverse of 2/3 or the reciprocal of 2/3
	Multiply by 3/2 giving 6/6
	
	

	Definition of 2/3× 8/5
: 2/3 × 8/ 5 is the size of 2 of the parts when an object of size 8/5
is divided into 3 equal parts. 2/3 of an object of size 8/5 has size 2/3x8/5 – this is what 2/3 x 8/5 means
A more formal version would
begin with a definition of a fraction as a point on the number line obtained by the procedure 
: 2/3 × 8/5 is the 2nd division point away from 0 when the segment [0, 8/5 ]
is divided into 3 segments of equal length.



[image: ]Student Activity 1
1. The unit is 
[image: ][image: ][image: ][image: ][image: ]
 The above diagrams show ________groups of ________
Multiplication sentence ____x_____=________
2.  Fill in the blank spaces below.  When the answers are improper fractions change them into proper fractions.
	Multiplication Sentence
	Words
	Picture
	Answer

	
4 x =
	
	
	

	
	
3 groups of 
	
	

	
	
	[image: ][image: ][image: ][image: ]
	



3.  Mentally picture the following problems before calculating the answers:



(i)                           (ii)                            (iii) 
4.  Aoife earns €12 per hour in her summer job on Saturdays.
If  €12, the amount earned in 1 hour, is represented by the first tick mark after 0 on the number line below, mark in the amount earned after 2, 3, 4, and 5 hours.
Time in hours (
1
) (
0
)
	
	
	
	
	
	
	

	 (
0
)
	 (
12
)
	
	
	
	
	



Amount of money earned in euro
On the top of the number line the first tick after 0 represents a time of 1 hour.  Label the other tick marks in hours on the top of the number line.
Write the multiplication sentence for the amount earned in 
(i) 2 hours _________________ (ii) 3 hours_______________(ii) 4 hours _______________


(iv)  How much money will Aoife earn in 2 ½ hours?
Time in hours (
1
) (
0
)
	
	
	
	
	
	
	

	 (
0
)
	 (
12
)
	
	
	
	
	



Amount of money earned in euro
Multiplication sentence: __________________________

(v)  Use the number line to model the amount Aoife earns in  hr?
	
	
	
	
	

	 (
0
)
	 (
12
)
	
	
	



                                               Amount of money earned in euro
Write the multiplication sentence for the amount earned in ¾ hours.


6.  There are 24 students in the class.  of the class went on the school trip.  How many students went on the school trip? Model on the number line first.
	
	
	
	
	

	 (
0
)
	
	
	
	



Multiplication sentence: _______________________________

7.  David picks strawberries during the summer holidays.  He earns €8 for each basket of strawberries he picks.  How much does he earn for 2 ¼ baskets of strawberries?
Model the situation on the number line
	
	
	
	
	

	 (
0
)
	
	
	
	



Multiplication sentence: _____________________________________


Q8.  Tony tiled of a bathroom wall.  Next day he grouted 7/8 of the tiled section.  What fraction of the bathroom wall had the tiles grouted?   Model this using an area model.







Q9.  Janet  buys kg cheese.  She keeps of it and gives to her sister. What is the weight of :
(a) The cheese Janet keeps?  Show this using an area model.
(b) The cheese Janet gives to her sister?

















HOMEWORK
Use a number line or area model where appropriate

Q1.  A chocolate bar contains 120 calories.  How many calories are in of a bar?
Q2.  6 of my friends are visiting.  They will eat 3/8 of a bag of peanuts each.  How many bags of peanuts will they eat altogether?

Q3.  Derek made €25 an hour working on a building site.  How much would he earn in  hours?


Q4.  A site for a shopping centre is being built on hectare.  of this area will be used for car parking .  What fraction of the total area will be used for car parking?  Use an area model to show explain the answer you get. 

Q5.  It had been raining all morning.  The met office said that they river was rising by cms on average every hour.  The rain stopped after 4 hrs 45 minutes.  What was the increase in the water level in that time?

Q6.  Jean’s cat had kittens.  The smallest one weighed oz.  at birth which the vet said was a bit too low, but with proper care the kitten should gain about ¼ oz. each day.   Jean weighed the kitten after 5 days on her kitchen weighing scales.  What weight should the kitten be after 5 days according to the vet?

Q7.    A shop sold €700 of scented candles last month. This month their sale of scented candles is €500.  What fraction is this of last month’s sales? 
What fraction must €500 be multiplied by to get back to last month’s sales figures of €700?
Q8.  Joan and Peter sell ¾ of their collection of Play station games on E – bay.  They sell 84 games.  How many games had they originally in their collection? (Hint: How many quarters are you looking for?
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